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The Horndeski scalar-tensor theory and its recent extensions allow nonlinear derivative interac-
tions of the scalar degree of freedom. We study the matter bispectrum of large scale structure as a
probe of these modified gravity theories, focusing in particular on the effect of the terms that newly
appear in the so-called “beyond Horndeski” theories. We derive the second-order solution for the
matter density perturbations and find that the interactions beyond Horndeski lead to a new time-
dependent coefficient in the second-order kernel which differs in general from the standard value of
general relativity and the Horndeski theory. This can deform the matter bispectrum at the folded
triangle configurations (k1 + k2 = k3), while it is never possible within the Horndeski theory.
PACS numbers: 04.50.Kd, 98.65.-r, 98.80.Cq
I. INTRODUCTION
The discovery of the accelerated expansion of the uni-
verse [1, 2] has stimulated exploring consistent modifi-
cation of gravity as an alternative to the cosmological
constant or dark energy (see, e.g., Refs. [3–6] for a re-
view). On the largest scale, the evolution of the homo-
geneous background of the conventional ΛCDM model is
supposed to be mimicked by modification of gravity, and
therefore the accelerated expansion driven by modified
gravity is indistinguishable by definition from that of the
standard scenario. On small scales inside the solar sys-
tem, the effect of modification of gravity must be highly
suppressed, as we have stringent constraints on the de-
viation from general relativity [7]. It is not difficult for
scalar-tensor theories, by which a large class of modified
gravity can be described at least effectively, to incorpo-
rate the mechanism such as the Vainshtein mechanism [8]
to hide the force mediated by the additional scalar degree
of freedom in the solar system. Going to cosmological
scales in between, we have an intriguing arena for tests
of gravity offered by large scale structure of the universe
through its linear and nonlinear evolution.
The Horndeski theory [9–11] is the most general scalar-
tensor theory having second-order equations of motion,
and this is a useful framework with which to study mod-
ified gravity models in a comprehensive way. Since it
shares the same structure of nonlinear derivative interac-
tion as the Galileon theory [12], the Vainshtein screening
mechanism can naturally be implemented [13–15]. It is
expected that this derivative nonlinearity is imprinted in
the one-loop dark-matter power spectrum and the bispec-
trum. This point has been investigated within the Horn-
deski theory in Refs. [16–18]. Recently, it was noticed
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that the Horndeski theory can further be generalized
while maintaining the number of propagating degrees of
freedom (one scalar and two tensor modes) [19–25]. Such
theories are called degenerate higher-order scalar-tensor
theories. Higher derivative terms in the equations of mo-
tion of degenerate theories disappear in the end after
combining different components, and hence such theories
are Ostrogradsky-stable [26, 27]. New operators arise
in degenerate scalar-tensor theories beyond Horndeski,
and one of the interesting effects due to them is the par-
tial breaking of Vainshtein screening inside matter [28].
These new derivative interactions will also participate in
the one-loop matter power spectrum and the bispectrum,
which could be a probe of modified gravity theories be-
yond Horndeski. See Refs.[29–38] for other probes of de-
generate higher-order scalar-tensor theories.
The purpose of this paper is to investigate the im-
pact of the new operators of the Gleyzes-Langlois-Piazza-
Vernizzi (GLPV) theory [20, 21] on the matter bispec-
trum. As the GLPV theory (without the so-called F5
term) is the simplest extension of the Horndeski the-
ory in the context of degenerate theories, this work is a
first step to study how new nonlinear interactions beyond
Horndeski affect non-Gaussianity of large scale structure.
This paper is organized as follows. In the next sec-
tion, we derive our basic equations for the matter den-
sity perturbations δ in the GLPV theory. We then give
a second-order solution for δ in Sec. III. In Sec. IV the
matter bispectrum in the GLPV theory is evaluated and
its particular feature is emphasized. In Sec. V, we give a
short comment on the implication of the recent gravita-
tional wave event for the theory considered in the present
paper. We draw our conclusions in Sec. VI.
2II. BASIC EQUATIONS
A. The GLPV theory
The action of the GLPV theory is given by [20, 21]
S =
∫
d4x
√−g (L+ Lm) , (1)
where1
L = G2(φ,X) −G3(φ,X)✷φ
+G4(φ,X)R +G4X
[
(✷φ)2 − φ2µν
]
+G5(φ,X)Gµνφ
µν − 1
6
G5X
× [(✷φ)3 − 3(✷φ)φ2µν + 2φ3µν ]
− 1
2
F4(φ,X)ǫ
µνρσǫµ′ν′ρ′σφ
µ′φµφ
ν′
νφ
ρ′
ρ
− 1
3
F5(φ,X)ǫ
µνρσǫµ′ν′ρ′σ′φ
µ′φµφ
ν′
νφ
ρ′
ρφ
σ′
σ, (2)
and Lm is the Lagrangian of the matter components.
Here we use the notation φµ := ∇µφ, φµν := ∇µ∇νφ,
GX := ∂G/∂X , and ǫ
µνρσ is the totally antisymmetric
Levi-Civita tensor. The above Lagrangian has six arbi-
trary functions, Gi (i = 2, 3, 4, 5) and Fj (j = 4, 5), of φ
and X := (−1/2)φµφµ. The GLPV theory is an exten-
sion of the Horndeski theory, and Eq. (2) reduces to the
Horndeski Lagrangian in the case of F4 = F5 = 0.
Among wide classes of theories described by the GLPV
action, we focus on those with G5 = F5 = 0 in the present
paper. This is a reasonable restriction because the G5
term not only hinders the recovery of the Newtonian be-
havior of the gravitational potentials on small scales in
a cosmological background [13], but also causes some in-
stabilities insider the Vainshtein radius [15]. Since the
F5 term has the structure similar to the G5 term, the
same pathologies are expected, though this has not been
confirmed explicitly so far. In the absence of G5 and F5,
the GLPV theory is degenerate without further condi-
tions [23], so that there are at most 3 propagating degrees
of freedom in any background spacetime. This nature is
desirable in view of Ostrogradsky instabilities.
One of the interesting consequences of the F4 term is
the partial breaking of the Vainshtein screening mecha-
nism inside matter sources [28–38], where derivative non-
linearities are significant. It turns out that the partial
breaking of the Vainshtein mechanism generically occurs
in degenerate higher-order scalar-tensor theories [38–41].
In the present paper, we study the impact of the nonlin-
earities of the F4 term on the matter bispectrum. Some
studies in this direction have already been undertaken in
1 Concerning the factors in front of F4 and F5, we follow the
convention of Ref. [28] which is different from the one used in
Ref. [20, 21].
the context of the Horndeski theory in Refs. [16–18], and
this work is an extension of [16].
B. Effective action under the quasi-static
approximation
We consider cosmological perturbations in a homoge-
neous and isotropic cosmological background. The field
equations governing the background evolution are found
in Ref. [28]. As we are not interested in the evolution
of the universe in a particular modified gravity model,
here we simply assume that the field equations admit
a solution that is very close to the usual ΛCDM model.
This is in principle possible because we have the four free
functions in the theory that can be tuned if necessary.
The perturbed metric in the Newtonian gauge is given
by
ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)dx2, (3)
and the perturbed scalar field is written as
φ(t,x) = φ¯(t) + π(t,x), (4)
where a barred variable denotes the background quantity.
It is convenient to introduce the dimensionless scalar field
perturbation as Q(t,x) := Hπ/ ˙¯φ. We only consider non-
relativistic matter and write its energy density as
ρm(t,x) = ρ¯m(t)[1 + δ(t,x)], (5)
where δ is a density contrast. In what follows we omit
bars from the background quantities.
We expand the action (1) in terms of the perturbations.
Since we are interested in the evolution of the density
perturbations inside the (sound) horizon, we employ the
quasi-static approximation,2 ∇iǫ≫ ǫ˙ ∼ Hǫ, where ∇i is
the spatial derivative, a dot stands for the time deriva-
tive, and ǫ is any of Φ, Ψ, or π. This does not mean to
drop all the time derivatives and the Hubble parameter,
because one may expect that ∇2Φ/a2 ∼ H2δ ∼ Hδ˙ ∼ δ¨
and hence the time derivatives acting on δ cannot be ig-
nored in general. In the case of the GLPV theory, we will
also have terms like ∇2Ψ˙ in the perturbation equations,
which must be retained as well.
The crucial point in the perturbative expansion is that,
in the Horndeski and GLPV theories, the second deriva-
tives of perturbations can be large on small scales even
though the first and zeroth derivatives are small, so that
the terms nonlinear in the second derivatives cannot be
neglected. This is the very reason why the Vainshtein
screening mechanism (partially) works. This is also the
key nonlinearity for the matter bispectrum.
2 The validity of the quasi-static approximation has been discussed
in Refs. [42–44]. See also Refs. [45–47].
3Noting that the matter Lagrangian can be written as
Lm = −Φρmδ, we have the following effective action
governing the perturbation evolution in the quasi-static
regime [28]:
Seff =
∫
dtd3xa3
[
L(2) + L(NL)
]
, (6)
where
L(2) = −M2(1 + αT )Ψ∇
2Ψ
a2
+ 2M2(1 + αH)Ψ
∇2Φ
a2
−M2
[
H˙
H2
+
3Ωm
2
+
(
1 + αM +
H˙
H2
)
(αB − αH)
+
α˙B − α˙H
H
+ (αT − αM )
]
Q
∇2Q
a2
− 2M2(αB − αH)Φ∇
2Q
a2
+ 2M2
[
αH(1 + αM ) + αM − αT + α˙H
H
]
Ψ
∇2Q
a2
− ρmΦδ + 2M2αH Ψ˙
H
∇2Q
a2
, (7)
and
L(NL) = M
2
2H2
[
αG − 3(αH − αT ) + 4αB
− αM (2 + αG + αH)− α˙G + α˙H
H
]L3
a4
+
M2
2H2
(αG − αH)ΦQ
(2)
a4
+
M2
2H2
αTΨ
Q(2)
a4
− 2M
2
H2
αH
∇iΨ∇jQ∇i∇jQ
a4
+
M2
2H4
(αG − αH + αT )L4
a6
, (8)
with
L3 = −1
2
(∇Q)2∇2Q, (9)
L4 = −1
2
(∇Q)2Q(2), (10)
Q(2) = (∇2Q)2 − (∇i∇jQ)2. (11)
The time-dependent parameters in the coefficients are
defined by
M2 = 2(G4 − 2XG4X − 2X2F4), (12)
αM = H
−1 d lnM
2
dt
, (13)
HM2αB = −φ˙(XG3X −G4φ − 2XG4φX)− 4HX
× (G4X + 2XG4XX + 4XF4 + 2X2F4X),
(14)
M2αT = 4X(G4X +XF4), (15)
M2αH = 4X
2F4, (16)
and
Ωm :=
ρm
3M2H2
, (17)
which were introduced and used in Refs. [21, 48–50]. (we
follow the convention of Ref. [21].) We have defined an-
other useful parameter as
M2αG = 4X(G4X + 2XG4XX + 4XF4 + 2X
2F4X),
(18)
which first appears in the cubic order action.
The physical meanings of those parameters are as fol-
lows: M is the effective Planck mass, αM is its evolution
rate, αB is the braiding parameter that characterizes the
kinetic mixing of the scalar field and the metric, and αT
parameterizes the deviation of the speed of gravitational
waves from that of light. The αH parameter signals novel
effects compared to the Horndeski theory. The last term
in Eq. (7) and the fourth line in Eq. (8), which gen-
erate third-order derivatives in the equations of motion,
are proportional solely to this parameter and hence ap-
pear for the first time in the GLPV theory. Note that
Ωm cannot always be interpreted as the familiar density
parameter, because the Friedmann equation is modified
and we do not necessarily have the equation of the form
3M2H2 = ρm + the energy density of the scalar field.
This is related to the fact that the distinction between
the geometry (the “left hand side” of the gravitational
field equations) and the energy-momentum tensor is am-
biguous in the presence of nonminimal coupling.
If all the α parameters vanish and M = MPl (the
Planck mass), the nonlinear part of the Lagrangian,
L(NL), vanishes and the quadratic Lagrangian L(2) re-
duces to the standard expression in general relativity. In
view of this, we assume that
αM , αB , αT , αH , αG ≪ 1, (19)
in the early stage of the matter-dominant universe, so
that standard cosmology is recovered. In the late-time
universe, however, the effect of modification of gravity
emerges, which is assumed to be responsible for the ac-
celerated expansion. In this stage we assume O(1) mod-
ification from general relativity, i.e.,
αM , αB, αT , αH , αG = O(1). (20)
This is equivalent to assuming that
φ˙ ∼MPlH0, G2 ∼M2PlH20 , G3X ∼M−1Pl H−20 ,
G4 ∼M2Pl, F4 ∼M−2Pl H−40 , · · · (21)
in the late-time universe, where the Hubble parameter is
roughly given by its present value, H0.
C. Field equations in Fourier space
Now we move to the field equations that can be derived
by varying the effective action (6) with respect to Ψ,Φ,
and Q. They are given, in Fourier space,3 by
4− p2
[
FTΨ(t,p)− GTΦ(t,p)−A3Q(t,p) +M2αH Q˙(t,p)
H
]
=
B1
2a2H2
Γ[t,p;Q,Q]
+
M2αH
a2H2
1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)k21k22 β(k1,k2)Q(t,k1)Q(t,k2), (22)
− p2 [GTΨ(t,p) +A2Q(t,p)]− a
2
2
ρmδ(t,p) = − B2
2a2H2
Γ[t,p;Q,Q], (23)
− p2
[
A0Q(t,p)−A1Ψ(t,p)−A2Φ(t,p)−M2αH Ψ˙(t,p)
H
]
= − B0
a2H2
Γ[t,p;Q,Q] +
B1
a2H2
Γ[t,p;Q,Ψ]
+
B2
a2H2
Γ[t,p;Q,Φ]
− M
2αH
a2H2
1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)k21k22α(k1,k2)Q(t,k1)Ψ(t,k2)
+
C0
a4H4
1
(2π)6
∫
d3k1d
3k2d
3k3 δ
(3)(k1 + k2 + k3 − p)
× [−k21k22k23 + 3k21(k2 · k3)2 − 2(k1 · k2)(k2 · k3)(k3 · k1)]Q(t,k1)Q(t,k2)Q(t,k3), (24)
where for Y, Z = Ψ,Φ, Q we defined
Γ[t,p;Y, Z] =
1
(2π)3
∫
d3k1d
3k2δ
(3)(k1 + k2 − p)k21k22γ(k1 · k2)Y (t,k1)Z(t,k2), (25)
and we introduced
α(k1,k2) = 1 +
(k1 · k2)
k22
, (26)
β(k1,k2) =
(k1 · k2)|k1 + k2|2
2k21k
2
2
, (27)
γ(k1,k2) = 1− (k1 · k2)
2
k21k
2
2
. (28)
The coefficients FT ,GT , A1, A2, · · · all have the dimen-
sion of (mass)2 and are written in terms of M2 and the
α parameters as presented explicitly in Appendix B. One
finds that there are four terms proportional to αH in
Eqs. (22)–(24) (the fourth term in the left hand side
of Eq. (22), the second term in the right hand side of
Eq. (22), the fourth term in the left hand side of Eq. (24),
and the fourth term in the right hand side of Eq. (24)).
Those are the new terms beyond Horndeski. The other
coefficients contain αH , but they are not new in the sense
that even in the case of αH = 0 those coefficients do not
vanish and just reduce to the known expressions in the
Horndeski theory [16].
3 Our convention for the Fourier transform is
f(t,x) =
1
(2pi)3
∫
d3p f(t,p)eip·x.
D. Fluid equations
Since it is assumed that matter is minimally coupled
to gravity, the fluid equations are the same as the usual
ones. Under the quasi-static approximation, the conser-
vation and Euler equations for nonrelativistic matter ex-
pressed in terms of the density contrast δ and the velocity
field ui are given by
δ˙ +
1
a
∇i[(1 + δ)ui] = 0, (29)
u˙i +Hui +
1
a
uj∇jui = −1
a
∇iΦ. (30)
Modification of gravity comes into play in the evolution
of matter density perturbations through the gravitational
potential Φ in Eq. (30), which is determined by Eqs. (22),
(23), and (24). Going to Fourier space, Eqs. (29) and (30)
are written as
δ˙(t,p)
H
+ θ(t,p) = − 1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)
× α(k1,k2)θ(t,k1)δ(t,k2), (31)
θ˙(t,p)
H
+
(
2 +
H˙
H2
)
θ(t,p)− p
2
a2H2
Φ(t,p)
= − 1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)
× β(k1,k2)θ(t,k1)θ(t,k2), (32)
where we introduced a scalar function defined as θ =
∇iui/aH .
5III. MATTER DENSITY PERTURBATIONS IN
GLPV THEORY
Based on the set of the equations obtained in the previ-
ous section, here, we derive the bispectrum of the matter
density perturbations, δ, and highlight the impact of the
new operators in the GLPV theory. In order to investi-
gate the matter bispectrum at the tree level, we need to
consider the perturbations up to second order under the
assumption that the perturbations initially obey Gaus-
sian statistics. Before deriving the matter bispectrum
from the second-order perturbations, let us begin with
giving a linear evolution equation for the matter density
perturbations.
A. Linear perturbations
As we have shown in the previous section, since we are
considering the minimally-coupled matter there is not
any modification in the continuity and Euler equations
even in modified theories of gravity such as the GLPV
theory. Thus, the linear evolution equation for the matter
density perturbations in Fourier space is given by the
standard one as
δ¨(t,p) + 2Hδ˙(t,p) +
p2
a2
Φ = 0 . (33)
In the above equation, modification of gravity is encoded
in Φ that is determined from the modified Poisson equa-
tion.
Truncating Eqs. (22), (23), and (24) at the linear order
and solving them for Φ, Ψ, and Q, one obtains the mod-
ified Poisson equation. However, even under the quasi-
static approximation, those equations contain Ψ˙ and Q˙,
and therefore it might not be straightforward to express
Φ (and the other two variables) in terms of δ. This can
be done as follows: first, Eqs. (22) and (23) (truncated
at linear order) can be solved for Φ and Ψ; then substi-
tuting the result to Eq. (24) (truncated at linear order)
one obtains the equation written solely in terms of Q, δ,
and δ˙; in this equation, Q˙’s are canceled and hence Q
can be expressed in terms of δ and δ˙; finally, using this
result one can express Ψ and Φ in terms of δ, δ˙, and δ¨.
The reason why this procedure works and in particular
an algebraic equation is obtained for Q is that the scalar-
tensor theory we are considering is degenerate. The final
result one thus arrives at is:
− p
2
a2H2
Q = κQδ + νQ
δ˙
H
, (34)
− p
2
a2H2
Ψ = κΨδ + νΨ
δ˙
H
, (35)
− p
2
a2H2
Φ = κΦδ + νΦ
δ˙
H
+ µΦ
δ¨
H2
, (36)
where the coefficients are given by
νQ =
3
2
M2Ωm
M2αHGT
Z , (37)
κQ =
3
2
M2Ωm
T
Z , (38)
νΨ = −3
2
M2Ωm
M2αHA2
Z , (39)
κΨ =
3
2
M2Ωm
S
Z , (40)
µΦ =
M2αH
GT νQ, (41)
νΦ =
1
GT
{
FT νΨ −A3νQ
+M2αH
[
κQ +
1
a2H2
(
a2HνQ
)·]}
, (42)
κΦ =
1
GT
{
FTκΨ −A3κQ + M
2αH
a2H3
(
a2H2κQ
)·}
.
(43)
with
T := A2 FT +A1 GT −M2αH
(
GT + G˙T
H
)
, (44)
S := A0 GT +A2 A3 +M2αH
(
A2 +
A˙2
H
)
, (45)
Z := A0 G2T +A2(A1 +A3)GT +A22 FT
+
M2αH
H
G2T
(
A2
GT
)·
. (46)
Equation (36) allows us to eliminate Φ from Eq. (33),
leaving a closed-form, second-order evolution equation
for δ:
δ¨ + (2 + ς)Hδ˙ − 3
2
ΩmΞΦH
2δ = 0, (47)
where ς(t) and ΞΦ(t) are defined by
ς :=
2µΦ − νΦ
1− µΦ , (48)
3
2
Ωm ΞΦ :=
κΦ
1− µΦ . (49)
In the Horndeski limit, αH = 0, one finds that the addi-
tional friction term vanishes, ς = 0. It is easy to confirm
that in the same limit ΞΦ reproduces the previous re-
sult [28, 44].3 We write the growing solution to Eq. (47)
as
δ(t,p) = D+(t)δL(p), (50)
3 Our notation (ς,ΞΦ) translates to (γ, µΦ) in Ref. [44].
6where δL(p) represents the initial linear density field.
The effect of modification of gravity is thus separated
and imprinted in the evolution of the matter density per-
turbations, D+(t). We also introduce the linear growth
rate, f := d lnD+/d ln a, which is often used in the liter-
ature.
Using Eq. (47), one can eliminate δ¨ from Eq. (36).
Then, replacing δ˙ with fHδ, we can rewrite Eqs. (34)–
(36) as
− p
2
a2H2
Q = (κQ + fνQ) δ =: KQ δ, (51)
− p
2
a2H2
Ψ = (κΨ + fνΨ) δ =: KΨ δ, (52)
− p
2
a2H2
Φ =
(
3
2
ΩmΞΦ − ςf
)
δ =: KΦ δ. (53)
These equations are convenient for the second-order anal-
ysis in the next subsection.
B. Second-order perturbations
To investigate the bispectrum of δ at the tree level,
we need to solve the perturbation equations up to sec-
ond order. Let us now move to the second-order analysis
of the matter density perturbations based on the equa-
tions derived in the previous section. Substituting the
first-order solutions (51)–(53) to the right hand sides of
Eqs. (22)–(24), we obtain, up to second order in δ,
FTΨ− GTΦ−A3Q+M2αH Q˙
H
= −D2+
a2H2
p2
(
M2αHK
2
QWβ(p) +
B1
2
K2QWγ(p)
)
, (54)
GTΨ+A2Q+ a
2
2p2
ρmδ = D
2
+
a2H2
p2
B2
2
K2QWγ(p), (55)
A0Q−A1Ψ−A2Φ−M2αH Ψ˙
H
= D2+
a2H2
p2
[
M2αHKQKΨWα(p) +
(
B0K
2
Q −B1KΨKQ −B2KΦKQ
)Wγ(p)] ,
(56)
where Wα(p) := I[p;αs(k1,k2)], Wβ(p) := I[p;β(k1,k2)], and Wγ(p) := I[p; γ(k1,k2)], with
I[p;Y (k1,k2)] := 1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)Y (k1,k2)δL(k1)δL(k2). (57)
Here we introduced a symmetrized version of α(k1,k2)
as
αs(k1,k2) = 1 +
(k1 · k2)(k21 + k22)
2k21k
2
2
. (58)
Note that we have the following relation: Wβ(p) =
Wα(p) − Wγ(p). The functions Wα,Wβ , and Wγ are
dependent on the initial density field δL(k), but not on
modification of gravity.
From the nonlinear fluid equations (31) and (32) with
the analysis of the linear perturbations in III A, we can
obtain the following equation up to the second order in
δL:
δ¨ + 2Hδ˙ +
p2
a2
Φ = H2D2+
(
S˜αWα − S˜γWγ
)
, (59)
where
S˜α = 2f
2 +
3
2
ΩmΞΦ − ς f, (60)
S˜γ = f
2. (61)
The second-order nonlinearity due to the modification
of gravity, which appears in the right hand sides of
Eqs. (54)–(56), is introduced through the gravitational
potential Φ as follows. Repeating the same procedure as
in the linear analysis, we can write Q, Φ, and Ψ in terms
of δ, its first and second derivatives, and the second-order
terms in the right hand sides of Eqs. (54)–(56) as
− p
2
a2H2
Q = κQδ + νQ
δ˙
H
+D2+ (τQαWα − τQγWγ) ,
(62)
− p
2
a2H2
Ψ = κΨδ + νΨ
δ˙
H
+D2+ (τΨαWα − τΨγWγ) ,
(63)
− p
2
a2H2
Φ = κΦδ + νΦ
δ˙
H
+ µΦ
δ¨
H2
+D2+ (τΦαWα − τΦγWγ) , (64)
where
7τQα = −M
2αH
Z
(
A2GTK2Q + G2TKQKΨ
)
, (65)
τQγ =
1
Z
{[
B0G2T +
B1
2
A2GT + B2
2
(
T + 3M2αHGT
(
1 +
2
3
H˙
H2
))
−M2αHA2GT
]
K2Q
−B1G2TKΨKQ −B2G2TKΦKQ +
M2αHGT
2
(D2+B2K
2
Q)
·
D2+H
}
, (66)
τΨα =
M2αH
Z
(
A22K
2
Q +A2GTKQKΨ
)
, (67)
τΨγ =
B2K
2
Q − 2A2τQγ
2GT
= − 1Z
{[
B0A2GT + B1
2
A22 +
B2
2
(
−S + 3M2αHA2
(
1 +
2
3
H˙
H2
))
−M2αHA22
]
K2Q
−B1A2GTKΨKQ − B2A2GTKΦKQ + M
2αHA2
2
(D2+B2K
2
Q)
·
D2+H
}
, (68)
τΦα =
1
GT
{
FT τΨα −
[
A3 − 2M2αH
(
1 + f +
H˙
H2
)]
τQα +M
2αH
τ˙Qα
H
−M2αHK2Q
}
, (69)
τΦγ =
1
GT
{
FT τΨγ −
[
A3 − 2M2αH
(
1 + f +
H˙
H2
)]
τQγ +M
2αH
τ˙Qγ
H
−
(
B1
2
−M2αH
)
K2Q
}
. (70)
We then eliminate Φ from Eq. (59) and obtain the evolution equation for δ capturing the effect of the second-order
nonlinearity of the scalar field:
δ¨ + (2 + ς)Hδ˙ − 3
2
ΩmΞΦH
2δ = D2+H
2 (SαWα − SγWγ) . (71)
In the right hand side we defined Sα and Sγ by
(1− µΦ)Sα(t) := S˜α + τΦα, (72)
(1− µΦ)Sγ(t) := S˜γ + τΦγ , (73)
The second-order nonlinearity due to modification of gravity appears in all of these τ coefficients, but it should be
emphasized that τΦα = 0 for αH = 0 (i.e., in the Horndeski theory ), while τΦγ 6= 0 in general if gravity is modified
anyway (see Table I). In other words, τΦα is a new term beyond Horndeski. The solution to Eq. (71) up to second
order in δL can be written as
δ(t,p) = D+(t)δL(p) +D
2
+(t)
1
(2π)3
∫
d3k1d
3k2 δ
(3)(k1 + k2 − p)F2(t,k1,k2)δL(k1)δL(k2), (74)
with the second-order kernel defined as
F2(t,k1,k2) := κ(t)αs(k1,k2)− 2
7
λ(t)γ(k1,k2), (75)
where κ(t) and λ(t) are the solutions of the following second-order differential equations,
κ¨+ [4f + (2 + ς)]Hκ˙+H2
(
2f2 +
3
2
ΩmΞΦ
)
κ = H2Sα, (76)
λ¨+ [4f + (2 + ς)]Hλ˙+H2
(
2f2 +
3
2
ΩmΞΦ
)
λ =
7
2
H2Sγ , (77)
supplemented with the condition that κ, λ → 1 in the early time (it is easy to check that κ = λ = 1 in-
8deed solves Eqs. (76) and (77) if all the α parameters
are negligibly small and Ωm = 1). In the Horndeski
limit (αH = 0), these expressions reproduce the result of
Ref. [16]. Especially, since ς = 0 and τΦα = 0 in the Horn-
deski theory (see Table I), the right hand side of Eq. (76)
reduces to H2
(
2f2 + 3ΩmΞΦ/2
)
, so that κ(t) = 1 at any
time. In this case the second-order kernel (75) therefore
depends only on λ(t) [16]. Thus, we find that a new fea-
ture in the GLPV theory beyond Horndeski is the κ term
that is different from 1 and is time-dependent in general.
This is the main result of this paper.
ΛCDM Horndeski beyond
ς 0 0 X
ΞΦ 1 X X
µΦ 0 0 X
τΦα 0 0 X
τΦγ 0 X X
TABLE I: Summary of the parameters in the second-order
evolution equation for δ, (71) with Eqs. (72) and (73).
IV. MATTER BISPECTRUM
Finally, let us investigate the matter bispectrum as
an observable for probing such quasi-nonlinear evolution
based on the above analysis for the matter density per-
turbations up to second order. The power spectrum and
the bispectrum of the matter density perturbations are
respectively defined by
〈δ(t,k1)δ(t,k2)〉 =: (2π)3δ(3)(k1 + k2)P (t, k1), (78)
〈δ(t,k1)δ(t,k2)δ(t,k3)〉 =: (2π)3δ(3)(k1 + k2 + k3)
×B(t, k1, k2, k3). (79)
Here, for simplicity we assume that the initial density
field δL obeys Gaussian statistics, and, by making use of
the expression (74), the matter bispectrum at the tree-
level can be evaluated as
D−4+ (t)B(t, k1, k2, k3)
= 2[F2(t,k1,k2)P11(k1)P11(k2) + 2 cyclic terms], (80)
where P11 represents the power spectrum of the initial
density field defined by
〈δL(k1)δL(k2)〉 =: (2π)3δ(3)(k1 + k2)P11(k1). (81)
As we have mentioned before, we assume that standard
cosmology is recovered in the early stage of the matter-
dominant universe. Thus, here, we calculate P11(k)
adopting the best fit cosmological parameters taken from
Planck data [51].
As usual, in order to investigate the shape of the bis-
pectrum in Fourier space, let us introduce a reduced bis-
pectrum which is defined by
Q123(t, k1, k2, k3)
:=
B(t, k1, k2, k3)
D4+(t)[P11(k1)P11(k2) + 2 cyclic terms]
. (82)
From Eq. (80), we have
Q123(t, k1, k2, k3)
=
2[F2(t,k1,k2)P11(k1)P11(k2) + 2 cyclic terms]
[P11(k1)P11(k2) + 2 cyclic terms]
.
(83)
Thus, the reduced bispectrum does not depend on the
linear growth function D+ and the effect of modifica-
tion of gravity is encoded in the second-order kernel,
F2(t,k1,k2). As we have discussed, the characteris-
tic feature of the GLPV theory beyond Horndeski with
αH 6= 0 is that κ in the second-order kernel is different
from 1 and is time-dependent in general.
To demonstrate how this new feature beyond Horn-
deski distorts the shape of the bispectrum, we plot in
Figs. 1(a) and 1(b) the reduced bispectrum as a function
of θ12 which is the angle between k1 and k2, with k1 and
k2 fixed. In these figures, we take different values of κ
as κ = 1.0 (gray solid line), 0.9 (blue dashed line), and
1.1 (orange dashed line) while we fix λ = 1.0. As one
can see, except for the squeezed configurations (θ12 → π
in Fig. 1(a)), the reduced bispectrum becomes larger for
κ > 1 and smaller for κ < 1.
As a comparison, we show in Figs. 2(a) and 2(b) the
reduced bispectrum for different values of λ. In these
figures, κ is fixed to be 1 which corresponds to the case
with αH = 0. Compared with Figs. 1(a) and 1(b), one
finds that the deviation of λ from unity would give a large
effect on the reduced bispectrum only for θ12 ≃ 2π/3 in
the left panel and θ12 ≃ π/2 in the right panel. Thus,
the effect of the GLPV theory on the matter bispectrum
is significant for θ12 → 0. In other words, the matter
bispectrum with θ12 = 0 is considered to be a powerful
probe of the GLPV theory beyond Horndeski.
V. AFTER GW170817
The gravitational wave event GW170817 [52] and its
optical counterpart GRB 170817A [53] placed a tight con-
straint on the propagation speed of gravitational waves,
|cT − c| < O(10−15). The consequences of this constraint
on the Galileon theory, the Horndeski theory, and its ex-
tensions have been discussed in Refs. [38–41, 54–66].4 In
terms of the functions in the action, the constraint reads
|αT | < O(10−15) ⇒ G4X +XF4 ≃ 0. (84)
4 See Refs. [67–72] for earlier works before this event on the
prospects of measuring cT
9FIG. 1: (color online) The reduced bispectrum as a function of θ12, with fixed k1 and k2. We adopt the isosceles triangular
configuration with k1 = k2 = 0.01h/Mpc in the left panel (a), and the distorted triangle with k1 = 5k2 = 0.05h/Mpc in the
right panel (b). In both panels, we take a different value for κ(t) to be 1.0 (gray solid line), 0.9 (blue dashed line), and 1.1
(orange dashed line), while λ(t) is fixed to be 1.
FIG. 2: (color online) The reduced bispectrum as a function of θ12, with fixed k1 and k2. We adopt the isosceles triangular
configuration with k1 = k2 = 0.01h/Mpc in the left panel (a), and the distorted triangle with k1 = 5k2 = 0.05h/Mpc in the
right panel (b). In both panels, we take a different value for λ(t) to be 1.0 (gray solid line), 0.9 (blue dashed line), and 1.1
(orange dashed line), while κ(t) is fixed to be 1.
This must hold at least in the late-time universe. Upon
imposing αT = 0, we have αH = αG, while αM , αB,
and αH itself are still allowed to be O(0.1) − O(1) [57].
A further constraint can be obtained from the Hulse-
Taylor pulsar under the additional assumption that the
scalar radiation does not take part in the energy loss,
which leads to |αH | < O(10−3) [38]. This implies that
O(10−3)–O(1) deviation of κ from its Horndeski value
(κ = 1) is still possible, depending on the assumption
one makes.
VI. CONCLUSIONS
In this paper, we have studied the matter bispectrum
of large scale structure as a probe of the so-called “be-
yond Horndeski” theory or the GLPV theory of modified
gravity. We focused on the nonlinearity generated from
derivative interactions of the metric perturbations and
the scalar degree of freedom and derived a second-order
solution of the matter density perturbations δ(t,k). We
have shown that a new, time-dependent coefficient κ ap-
pears in the second-order kernel in the GLPV theory.
Since we have κ := 1 in general relativity and even in the
Horndeski theory [16], this is certainly a characteristic
feature of the theory beyond Horndeski. Based on this
second-order solution, we have evaluated the matter bis-
10
pectrum and found that the effect of nonstandard values
of κ can be seen in the bispectrum at the folded configura-
tions (k1 + k2 = k3). We thus conclude that a deformed
matter bispectrum at the folded configurations can be
a unique probe of “beyond Horndeski” operators. Note
that there exist several scenarios where the primordial
curvature perturbations would acquire the folded-type
non-Gaussianity during inflation (see, e.g., Ref. [73]) and
such a type of primordial non-Gaussianity could also de-
form the matter bispectrum at the folded configurations.
However, if we can precisely measure not only the depen-
dence of θ12 but also the scale dependence of the matter
bispectrum, it would help us discriminate the signature
of beyond Horndeski from such a folded-type primordial
non-Gaussianity.
In light of the recent gravitational wave event
GW170817, there is a growing interest in the so-
called DHOST theories which are more general than
the one considered in this paper but evade the strin-
gent constraint on the propagation speed of gravitational
waves [38–41]. It would be interesting to explore how
the results in the present work can be extended to such
DHOST theories.
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Appendix A: The sound speed of the scalar mode
and the limit of the quasi-static approximation
When matter is present, the sound speed of the scalar
field is given by [21]
c2s =
2(1 + αB)
2
αK + 6α2B
[
αM − αT − H˙
H2
+
1
H
d
dt
(
1 + αH
1 + αB
)
+
αH − αB
1 + αB
(
αM + 1− H˙
H2
)
− 3Ωm
2
(
1 + αH
1 + αB
)2 ]
,
(A1)
where we defined
H2M2αK = 2X(G2X + 2XG2XX − 2G3φ − 2XG3φX)
+ 12HXφ˙(G3X +XG3XX − 3G4φX
− 2XG4φXX)
+ 12H2X(G4X + 8XG4XX + 4X
2G4XXX)
+ 24H2X2(6F4 + 9XF4X + 2X
2F4XX).
(A2)
In this paper we assume that the quasi-static approxi-
mation is valid. The limit of this approximation is de-
termined by the sound horizon scale, which is given by
cs/(aH) [43, 44]. Given a concrete model, one can check
the validity of the quasi-static approximation by using
the above expression.
Appendix B: The coefficients of Eqs. (22)–(24) and
the α parameters
The coefficients of Eqs. (22)–(24) are given in terms of
the α parameters by
FT =M2(1 + αT ), GT =M2(1 + αH),
A0 =M
2
[
H˙
H2
+
3Ωm
2
+
(
1 + αM +
H˙
H2
)
(αB − αH)
+
α˙B − α˙H
H
+ (αT − αM )
]
,
A1 =M
2
[
αH(1 + αM ) + αM − αT + α˙H
H
]
,
A2 = −M2(αB − αH),
A3 =M
2
(
αM − αT + H˙
H2
αH
)
,
B0 = −M
2
4
[
αG − 3(αH − αT ) + 4αB
− αM (2 + αG + αH)− α˙G + α˙H
H
]
,
B1 =
M2
2
αT , B2 =
M2
2
(αG − αH),
C0 =
M2
4
(αG − αH + αT ). (B1)
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